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The potential outflow of an ideal incompressible  liquid from a vessel  through a slit formed by two fiat 
symmetrical  walls with an a rb i t ra ry  angle between them was investigated in detail by N. E. Zhukovskii, who 
developed a method for  the solution of a s imilar  kind of problem [1]. 

Let  us consider a plane potential jet  of an ideal incompressible liquid, flowing toward the slit of two 
symmetrical  branches along the walls of a vessel  (Fig. la ) .  An analogous problem of a concentrated jet, 
flowing toward a slit along a bisectorial  plane at an angle formed by the walls (Fig. lb) was discussed in [1], 
but its solution was not brought down to a numerical result .  

We introduce the notation: v, velocity of the l iquidat  any given point of the jet; V, W, velocity of the 
liquid at the f ree  boundary of the jet  ahead of and behind the slit; ~ = In(W/v); #0 = In(W/V); 0, angle be- 
tween the velocity and the x axis; 200, angle between the walls of the vessel  forming the slit; 2b, width of 
the slit; 2Q, total mass  flow rate of the liquid in the jet; ga, potential of the velocities; r s tream function. 

To seek the equation of the contour of the outflowing jet we use the well-known dependence 

i . 
dy = ~vsln 0d~. (1) 

In accordance with the method of [1], we introduce the complex variable 

u = r(cos )~ q- i sin ~,) (2) 

and two auxiliary functions of it 

i t  2 �9 _ _  r  

(u) = ~ + ia[~ = Q ln -~ iQ, 

y /du 
(u) = O q- iO = iq 

r / (,,~ _ / ~ )  (,,2 _ ,:~) 
(3)  

so chosen that, with real  values of u, the variables r $, and 0 correspond to the boundaries of the flow un- 
der  consideration (q, 8, and c < f are  real  numbers) and so that, at the free boundary of the jet COC' in- 
side the vessel  r = 0, and, at its walls and at the external  boundaries of the jet outside the vessel  r = �9 Q. 
In addition, at the f ree  boundaries of the jet  under these circumstances the constancy of the velocity is as-  
sumed ($ = const) and, at the walls, the angle (0 = const). Denoting 

c = k/,  V t  k., - k ' ,  u = cu',  

we t ransform the expression for  ~(u) 
t t  �9 

du" 

r  g ( t - . ' " ) ( ~ - k ' , , ' 9  ": '~ 

(4) 

(5) 

Here ,  as in [1], we set c01 equal to the total elliptical integral with the modulus k' .  
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C o m p a r i n g  (3) and (5), and b e a r i n g  in m i n d  that ,  in  the sec t ion  OC of the con tou r  of the  je t ,  v = V and 
= ~0 = eons t ,  we obta in  

0 o = In (W/V) = oa'q, i.e., 1- = W exp (-- o)'q). 

The  u p p e r  i n t e g ra t i on  l im i t  in e x p r e s s i o n  (5) is  the e l l ip t i ca l  s ine of  the va lue  of  the  i n t e g r a l  

(6)  

0 0 / q  - -  0 i )  u,' = s n  ~ q -  q �9 

Tak ing  accoun t  of  (4) and b e a r i n g  in  m i n d  the  r e l a t i onsh ip  u = r cos  X fo r  the boundar i e s  of the flow, i t  can  
be shown tha t ,  i n t h e  s e c t i on  OC, whe re  0 < r < c and (6) is  va l id ,  

r/c = sn (O/q). 

The  va lue  of  0 v a r i e s  wi thin  the l im i t s  0 < 0 < 00, and 00 is  found equal  to  

1 

du"  ~ q(O,, 
Oo = q l / - ( ~  - -'~) (~ - c .  '~) (7)  

w h e r e  w is  the to ta l  e l l ip t i ca l  i n t eg ra l  with the m o d u l u s  k.  

In  the s ec t ion  CF of the wall  of  the v e s s e l ,  whe re  c < r < f, the angle of the flow r e m a i n s  cons tan t  
(0 = 00 = qw), and the r e a l  p a r t  of the funct ion  ~(u) b e c o m e s  a va r i ab l e .  This  c o r r e s p o n d s  to  a change in the 
v e l o c i t y  v within  the  l i m i t s  V < v < W, and of the v a r i a b l e  ~ f r o m  w 'q  to  0. 

In  the sec t ion  Fx  of  the  c on t ou r  of the je t ,  a f t e r  i t  h a s  i s s u e d  f r o m  the s l i t  v = W, and the angle 0 
v a r i e s  wi th in  the l i m i t s  00 > 0 > 0~ In  th is  c a s e ,  r > f a n d i t  c a n b e  shown, as  in [1], tha t ,  i n N i s  s ec t ion  

f 0 r t 
-= = sn-- or 
r q ~ k sn --~ (8) 

q 

To f ind the  coef f ic ien t  of the c o n s t r i c t i o n  of  the je t  with i ts  outf low f r o m  the sli t ,  we m u s t  wr i t e  an 
equa t ion  f o r  i t s  con t ou r  y(x).  This  can  be done,  hav ing  e x p r e s s i o n  (1) f o r  dy,  in which the po ten t ia l  of the 
v e l o c i t y  ~o m u s t  be d e t e r m i n e d .  We wr i t e  an e x p r e s s i o n  f o r  q,  c o m p a r i n g  (2), (3), and (8), 

0 
cdn 7 

q~=2 --Q In ,~ 0 (9) 

H e r e  the  symbo l  dn deno tes  an  e l l ip t i ca l  " d e l t a - a m p l i t u d e "  funct ion.  Taking  account  of (9), e x p r e s s i o n  (1) 
ha s  the f o r m  

on__  ~ 
dy  --  2Q q 

aq dnO.sn 0 sinOdO, 
q q 

and the equa t ion  of  the c on t ou r  of  the je t  at i t s  out le t  f r o m  the s l i t  

o ca 0 
2Q ~' q sinOdO-- b. 

00 q q 

The coe f f i c i en t  of  the c o n s t r i c t i o n  of the  je t  g is  the r a t io  of  i ts  width 2y with a suf f ic ient ly  g r e a t  
d i s t ance  f r o m  the s l i t  (0 = 0) to  the width of  the s l i t  2b 

o. 0 

,u~= "Z-g- = I --  ~ 0 
dn  -2.- .$n - -  

o q 7 

sin Odt). 
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At the s a m e  t ime  Q = /z lbW.  Then  

0 
io cn _ 

tt 1 ~ l - -  ~ 1 dnO.~n 0 
o q q 

sin OdO. 

f r o m  which 

q sin OdO 
0 �9 q q / (lO) 

F o r  the p r o b l e m  of F i g .  l b ,  c o n s i d e r e d  i n  [1], the  coef f i c i en t  of the c o n s t r i c t i o n  of  the je t  i s  equal to  

o! cn O-dn 0 ) -  
, 2 q q sinOdO 

,u~_ = I "v--~q , .  s~-- ~ 

x q 
(11) 

We t r a n s f o r m  e x p r e s s i o n s  (10), (11) to  a f o r m  conven ien t  f o r  c o m p u t e r  compu ta t i ons .  To th is  end,  we use  
the  we l l -known expans ions  

cn Oq a [ t ~-O o0 sin nnO 

dn_0.snO=2-~-~ c g 2 - ~ q - - 4 Z  ~oq n=l (-- t)" exp ( n x ( o ' / ( o )  - -  I 
q q 

q q ~ a__ c t g ~  4 o)q 
sn O 2(9 _ exp (n~(O' / (O)-~-  t " 

q 

Tak ing  accoun t  of  (6), (7), and the  obvious  ( - 1 ) m  = c o s n ~ ,  th i s  g ives  

�9 Oo x -1 

t h =  I , 00 3 ~, 200 sinOdO-{-S1 ; 

, Oo 
J ~ n6 . ~-~ ,u2 = ( i ~- -~-~ r  OdO _u S~] , 
O~ - 0  

(12) 

(13) 

where 

][ / 11 S 1 = ~ 7  4sinO o ~ cosn~ t 2 - ~  

~== n ~  -r \ n n /  j ' 

S ~ =  -~<n 4sinO on.~cosnx ~-o ~ 1  1 \l-~n/ j " 
(14) 

B e f o r e  g iv ing the  r e s u l t s  of the computa t iQns ,  we note  tha t ,  with V = 0, e x p r e s s i o n s  (12), (13), in  ~ e w  of 
S t = S 2 = 0, go o v e r  into tha t  ob ta ined  in  [ I ] ,  e s p e c i a l l y  f o r  the  c a s e  of  outf low f r o m  the s a m e  v e s s e l  without  

an in i t ia l  v e l o c i t y  

Oo 1-1  ( t(--= t-7- Oo , ' - -  .-rn- sin 0d0 , 

which ,  f o r  a v e s s e l  with a s l i t  in  i t s  f la t  bo t t om (00 = ~ /2) ,  g ives  

tt = a/(.~ + 2) ~ 0,6ii .  

Tak ing  into c o n s i d e r a t i o n  tha t  the  r e s u l t  of s u m m a t i o n  in  f o r m u l a  (14) f o r  S1 is  pos i t ive ,  while f o r  S z i r i s  
nega t ive ,  we f ind t h a t  in  the  c a s e  u n d e r  c o n s i d e r a t i o n  (see F i g ,  la )  the  coef f ic ien t  of  c o n s t r i c t i o n  of  the je t  
i s  l e s s ,  and,  in  the c a s e  c o n s i d e r e d  in [1] (See F ig .  lb ) ,  g r e a t e r  than  with outf low without  an in i t ia l  ve loc i t y .  
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t,000 0,852 
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In the other limiting case where V = W we obtain /~l = 0. The value of /z 2 in th is  case is not imme-  
diately evident, and only computations show that lz2 = 1. 

The results  of computaUons using a Nairi-2 digital computer are given in Table i ,  where they are 
shown in the form of a function of the half-ahgle between the walls 00 and the ratio of the initial to the final 
velocities V/W. The computations showed that an increase in the initial velocity has a different effect  on 
the coefficient of constriction with different schemes of the concentration of the jets.  In the case of a jet 
near  the wall, ahead of the slit an increase in its velocity considerably decreases  the cross  section of the 
oufflowing stream, by the same token limiting its mass flow rate (with V ~ W, in view of /~l ~ 0, there is 
something like self-plugging). In the case of a central jet, ahead of the slit an increase in its velocity in- 
creases  the cross  section of the oufflowing stream and promotes an increase in its mass flow rate.  

From Table 1 it also follows that, with an increase in the initial velocity along the walls (see Fig. la),  
the effect of the angle between them on the coefficient of constriction of the jet  is mainly reinforced, while, 
with an increase in the veloicty along the bisectorial  plane (see Fig.  lb), the effect of the angle between the 
walls is weakened. 

As is well known [2, 3], with outflow through a Borda mouthpiece (0o = ~) the coefficient of constriction 
can also be found without using functions of a complex variable.  If we use the Bernoulli equation and the 
equation of the momentum of the liquid for  the volume of the jet before and after  the mouthpiece, at a suffi- 
cient distance from the mouthpiece in both cases i l lustrated in Fig. 2a, b (in the cases of countoreurrent and 
cocurrent  flow, respectively),  and, in this case, if  it is taken into consideration that the cross  section of half 
the jet  following the mouthpiece at a sufficient distance from it is equal to tzb and, ahead of the mouthpiece, 
to /~bW/V, then, we can obtain the values of the coefficients of constriction 

~ =- (i -- VIW)/2, ~t. = (i + V/W)/2. 

It can be shown that these expressions a re  valid also if the mass flow rate of the liquid in the oncom- 
ing je t  is grea ter  than in the jet flowing out through the mouthpiece and, in part icular ,  with an infinite width 
of the oncoming flow. The la t te r  coincides with the case of outflow into a tube from a continuous stream in 
a channel of infinite width [4], for  which an identical solution has been obtained. 

One region of the pract ical  use of the resul ts  obtained is the analysis of the flow of a medium in the 
labyrinth seals of turbomachines.  

Figure 3 shows schemes of the flow in different types of seals,  involving problems of the concentration 
of jets .  The problem discussed by N. E~ Zhukovskii is real ized in a direct-flow seal (Fig. 3a). The problem 
solved by the present  author is real ized in stepped seals (00 ~ 90 ~ Fig. 3b, c), as well as in seals of the 
Keller type, w i thanover l apc lose toze ro  (00 ~ 180 ~ Fig. 3d). Thetheore t ica l resu l t s  obtained above explain 
ear l ier -notedparadoxical  experimental  data [5, 6], according to which the coefficient of the mass flow rate 
of a mult ichamber stepped seal (0.3-0.5) is less  than for  a single slit (-> 0.611). In addition, an explanation 
has been found for  the surprisingly high efficiency of a seal of the Keller  type near zero overlap [7]. Both 
of the above-ncted phenomena are explained by the fact that, in distinction from single slits, where the out- 
flow, as a rule,  takes place without an initial velocity, in multichamber seals, as a resul t  of the incomplete 
damping of the velocity ahead of the inlet to each succeeding slit, there is flooding of the jet, increasing the 
through flow in direct-flow seals,  and decreasing it in stepped seals, part icularly with a rotation by 180 ~ 
(KeUer seal). 

The use of calculated values of the coefficients of constriction of jets offers the possibil i ty of refining 
considerably the calculation of labyrinth seals in the hea t - t ransfer  section, of determining the through flow, 
of finding the conditions for  stabilization of the flow, and the distribution of the p ressures  along the labyrinth 
and areund the per iphery  of the rotor ,  carrying the seal.  

The adopted model of flow in a seal in the form of a flooded jet with stagnant zones is in good coinci- 
dence with experiment on the value of the through flow [8], although visualization shows the presence of vor -  
texes [7, 9], and fur ther  refinement can be afforded by the use of models with different types of vort ici ty in 
the breakaway zones [10]. 

The author expresses  his thanks for  the consultations of his co-workers  in the Central Committee of 
Heavy Industry (TsKTI), Yu. N. Malyshev and O. A. Kudryavtsev. 
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I N T E R A C T I O N  O F  H Y P E R S O N I C  M U L T I P H A S E  F L O W S  

V .  I .  B l a g o s k l o n o v ,  V .  M .  K u z n e t s o v ,  
A .  N .  M i n a i l o s ,  A.  L .  S t a s e n k o ,  
a n d  V .  F~ C h e k h o v s k i i  

UDC 533.6.071o08o632.57 

The inve~]tigations of mutt iphase flows, pursued vigorously  in recent  yea r s ,  s tem f rom the prac t ica l  
impor tance  of p roblems  such as supersonic  combustion,  e ros ion  of ma te r i a l s  exposed to flow, vaI~ous prob-  
l ems  of chemical  technology, ete~. These  flows are  also of g rea t  in te res t  f rom the viewpoint of building high- 
enthalpy gasdynamic faci l i t ies  [1], which would, in pr inciple ,  offer  modeling of the most  important  flight pa-  
r a m e t e r s  of hypersonic  vehic les .  The bas ic  gasdynamic problem in these a reas  is to a r range  the p roce s s  of 
mixing a group of solid (or liquid) pa r t i c l e s ,  acce le ra ted  by a light gas,  with the supersonic  quasiauxi l iary  
flow in which one can exci te  internal ,  pa r t i cu la r ly  vibrat ional ,  degrees  of freedom~ The solution of the com-  
plete problem can be divided into a number  of s tages .  The f i r s t  problem is to acce le ra te  solid pa r t i c les  to 
hypersonic  speeds.  When the mass  ra t ios  of the acce lera t ing  and acce le ra ted  components are  c lose,  the l ight-  
gas t e m pe r a tu r e  must  be low enough so that the vapors  fo rmed  in the acce lera t ion  (in the case  where the p a r -  
t ic les  may  vaporize)  should not ha rm the c a r r i e r  p rope r t i e s  of the light gas~ It is impor tant  to achieve max-  
imum veloci t ies  of the solid pa r t i c les  and uniform distr ibution across  the accelera t ing  nozzle.  Tile second 
task  is to examine the mixing p roce s s  with a view to minimizing per turbat ion  associated with percola t ion of 
the par t i c les ,  t he i r  dynamic m o t i o n  and possible vaporizat ion.  Nonuniformities can ar i se  in the :flow from 
severa l  causes: shock waves of var ious  s t rengths ,  turbulent  fluctuations,  ere.  To minimize per turbat ions  
one must ,  f i r s t ly ,  so choose the p a r a m e t e r s  of the interact ing gas components and the i r  encounter  angle, so 
that a shock wave does not a r i se  in one of the flows, which may  be, e.g. ,  a i r  (Fig. 1)~ Such a shock wave, 
however ,  may  be fo rmed  for  another  reason:  Because of penetrat ion and vaporizat ion of par t i c les  additional 
per turba t ions  a r i se ,  associa ted with the supply of m as s ,  momentum and energy.  Here the macroscop ic  pa-  
r a m e t e r s  va r y  in the mix tu re .  When one cannot achieve conditions for  quasiauxi l iary  flow (i.e., the flow 
veloci ty  of the gas into which the pa r t i c l e s  are  introduced equal to the tangential  component of the par t ic le  
veloci ty) ,  additional acce le ra t ion  of the pa r t i c l e s  occurs  in a cer ta in  l aye r ,  accompanied by dissipative i r r e -  
ve r s ib le  p r o c e s s e s .  There  may  also be rapid re laxat ion  of vibrat ional  energy  in the layer ;  in addition, the 
l aye r  may  be a source  of additional wavelike per turba t ions .  

Thus,  both the acce le ra t ion  of par t i c les ,  and analysis  of the p r o c e s s e s  occurr ing  inside the zone where 
the par t i c les  mix  with the gas s t r eam,  are  impor tant  and independent tasks .  We shall examine them in suc- 
cess ion .  It is  known that  one can obtain ae roso l s  by using the phenomenon of condensation in a supersonic  
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